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Abstract 

We compute boundary three-point functions involving two scalars and a gauge field 
of arbitrary spin in the AdS vacuum of Vasiliev's higher spin gravity, for any deformation 
parameter A. In the process, we develop tools for extracting scalar field equations in 
arbitrary higher spin backgrounds. We work in the context of hs[A]©hs[A] Chern-Simons 
theory coupled to scalar fields, and make efficient use of the associative lone-star product 
underlying the hs[A] algebra. Our results for the correlators precisely match expectations 
from CFT; in particular they match those of any CFT with Woo [A] symmetry at large 
central charge, and with primary operators dual to the scalar fields. As this is expected 
to include the 't Hooft limit of the Wn minimal model CFT, our results serve as further 
evidence of the conjectured AdS/CFT duality between these two theories. 
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1. Introduction 

Higher spin gravity in AdS has been receiving increased attention in recent years for 
its promise in shedding hght on certain big questions in string theory. For one, strings 
propagating in an AdS spacetime of string scale curvature are expected to be described by 
some theory of interacting higher spins [jl|J^,0 ; while the precise theory remains unknown, 
the theories developed by Vasiliev and collaborators appear to be, at the very 

least, sophisticated toy models of such a theory, with a large gauge symmetry and nonlocal 
dynamics. For another, the higher spin AdS/CFT dualities known thus far involve vector- 
like boundary theories, that is, CFTs whose central charges scale as rather than A^. 
The tractability of these vector models encourages the optimistic view that such duality 
conjectures may be derivable, allowing us to peer inside the black box of AdS/CFT. 

The prototype duality proposal is that of Klebanov and Polyakov fl^ , who conjectured 
a duality between (a subsector of) Vasiliev's theory of higher spins on AdS4 and the large 
A limit of the 2-|-l-dimensional 0(N) vector model. This proposal was studied early on 
ri| , p!^ , p!3| , as well as in the recent papers p^ , p!5| , p!6| , p!7|JT^ . Through a combination of 



m 



direct computation of bulk three-point functions, generalization to n-point functions, and 
arguments regarding higher spin symmetry breaking and AdS boundary conditions, these 
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works provide a powerful body of evidence that the duahty is correct, at least as far as the 
bulk theory is understood. 

An AdSs analog of the Klebanov-Polyakov conjecture is the proposed duality [p!9 | 
between Vasiliev gravity in D=3 coupled to a pair of complex scalar fields and a 't 
Hooft limit of the Wn minimal model CFT, which has a coset representation 



SU{N)k®SU{N), 



SU{N) 



k+l 



(1.1) 



The 't Hooft limit is defined as 
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There is already quite a bit of evidence for this conjecture. This includes matches 



between bulk and boundary global symmetries pl|; the bulk 1-loop determinant and the 
large N CFT partition function [^|; a higher spin black hole partition function at high 



temperature and the same quantity in the CFT [23]; and scalar-scalar-higher spin three- 
point functions at A = 1/2 and s = 2, 3, 4, in the 't Hooft limit [p^,|25[ . 



It is this last piece of evidence upon which we build in the present work, with the aim of 
drawing closer to a perturbative proof of the conjecture a la . There are two immediate 
ways we would like to generalize previous calculations of three-point correlators. The bulk 
computation of [24] was in the "undeformed" Vasiliev theory, that is, at A = 1/2 (or u = 
in the language of |2^), and we want to extend this to arbitrary A. The minimal model 
computations of ]0,^ only treat the low spins, and we want to compute for arbitrary 
spin. 

In this paper, we succeed in computing the bulk correlators for arbitrary spin and 
arbitrary A, and show that they match precisely with CFT expectations. On the CFT 
side we proceed under the assumption that the theory has Woo [A] symmetry. A separate 
question, not addressed here, is whether this is indeed true of the minimal model CFTs 
in the 't Hooft limit; evidence in favor appears in pl| , |2^ , p5[ . Along the way, we present 
techniques for writing generalized bulk scalar wave equations in arbitrary on-shell higher 
spin backgrounds, which have interesting applications beyond the present context. 

We now state our result for the three-point correlators. First, in the deformed bulk 
theory, we calculate the three-point function of two scalar fields and a higher spin field of 
arbitrary spin s. Recall that there are two complex scalar fields in the bulk, each with 
= A^ — 1. Taking one of them to be dual to an operator O and its complex conjugate 
O, our result for the three-point function in terms of the scalar-scalar two-point function 
is 



r(s) 



T{s±X) / zi2 Y 



27r r(2s-l)r(l±A) V^i3^23; 



{0±{zi)0±{z2)) 



(1.3) 
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where the subscript denotes standard (+) or alternative (— ) quantization of the scalar. The 
same correlator for the other scalar field, dual to an operator O and its complex conjugate 
O, is identical to (|1.3| ) but absent the (—1)'* prefactor. In the context of the duality |1T9[] , 



these operators should be assigned to take opposite quantization to one another. 

Let us now mention a few of the main insights that allowed us to compute these 
correlators relatively easily. First, it is well known that if the scalar fields are set to zero 
the Vasiliev theory is equivalent to a Chern-Simons theory with gauge algebra hs[A]©hs[A]. 



To compute correlators of the type (|1.3| ) we need to couple a free scalar field to this theory. 
The general rules for incorporating scalar fields into the higher spin theory are complicated 
but known (see and appendix A). However, free scalar field equations can be derived 



from the elegant equation! 



dC + Ai.C-Ci.A = (1.4) 



where (A, A) denote the hs[A]©hs[A] gauge fields. As we will explain, C is a "master field" 
that takes values in the Lie algebra hs[A] supplemented with an identity element, and the 
scalar is the part of C proportional to the identity. This equation reduces to the Klein- 
Gordon equation for a scalar of mass = A^ — 1 when evaluated in AdS, and in general 
gives the coupling of higher spin gauge fields to the linearized scalar. An important role 
is played by the star-product appearing in (pT^), which is an associative multiplication 
known as the "lone-star product" . In the original paper ||2^ this product is realized in 
terms of the Moyal product applied to symmetric polynomials of "deformed oscillators." 
However, the deformed oscillator approach is rather inconvenient for present purposes, as 
one has to deal with the tedious procedure of resymmetrizing strings of oscillators. By 
contrast, the lone-star product gives us a closed form expression for the multiplication 
rules, and turns out to be much simpler to work with. 

The second key insight is to put the higher spin gauge invariance at center stage. To 
compute three-point correlators of the type ( |1.3|) we need to solve (|1.4| ) in the presence of 
flat connections A and A representing higher spin gauge fields with prescribed asymptotics. 
Such fiat connections can be generated by gauge transformations. Therefore, if we start 
from a solution for the free scalar in AdSa and then act with the gauge transformation, 
we generate a new scalar solution in the presence of the higher spin gauge fields. In this 
way, rather than having to first work out the perturbed scalar equation and then solve it, 
we can generate the solution in one step, which is a huge simplification. 

On the CFT side, our starting point is the assumption that in the 't Hooft limit the 
Wn coset CFT has Woo [A] global symmetry. While this is unproven, it is a prerequisite 



for the duality to hold in the pure gauge sector. Previous calculations [p4| , |25[| took the 
tack of computing the s = 2,3,4 correlators ( |1.3| ) at finite in the CFT, and taking 
the 't Hooft limit afterwards; this serves as good evidence that Woo [A] really does emerge 
in the 't Hooft limit, but the complications of finite are not required if one wants to 



^ A second type of scalar, dual to the O operators noted above, obeys the same equation but 
with A and A interchanged. 
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ask questions about the scalar sector. Thus, for the purposes of calculating the correlator 
( p. .31) , we believe that the most direct strategy begins with the assumed symmetry of the 't 
Hooft limit, and asks to what extent the representation theory of Woo [A] — in particular, 
of its large k wedge subalgebra hs[A] — fixes the correlator. Generalizing results in ||21|| , 
we show that, in fact, it is enough to reproduce the result ( p..3|) and the accompanying 
result for the second scalar, providing perfect agreement with the bulk. 

Our results for bulk and boundary correlators reduce to previous computations [^p5| 
in the appropriate limits. In all, we find this to be a significant step toward verifying the 
duality proposal |1T9(] . 

Our techniques will also have application to computing other correlation functions in 
these theories. For instance, there is by now a good understanding of higher spin black 
holes in D=3 [p7| , ^ , p3| , p9| , |30[] ; in particular their entropy is known to match that of the 
dual CFT in the high temperature limit [^^. Using the results of this paper, it is now 
quite feasible to compute scalar correlators in the background of a higher spin black hole 
and compare with CFT. 

The remainder of this paper is organized as follows. In section 2 we go through the 
main steps involved in deriving the equation (1^) from the general formulation of the 
Vasiliev theory. Further details are provided in appendix A. In section 3 we show how to 
work out the explicit form of the scalar wave equation in the presence of higher spin gauge 
fields. In section 4, which is the core of the paper, we show how to use gauge invariance to 
generate solutions of the scalar wave equations, and then read off the desired correlation 
functions. In section 5 we compute these correlators on the CFT side under the assumption 
of Woo [A] symmetry, and demonstrate perfect agreement with the bulk. We conclude with 
some comments in section 6. Appendix B presents some evidence for the isomorphism 
between the lone-star product and the Moyal product acting on deformed oscillators, in 
Appendix C we derive a result needed in the text, and Appendix D provides some useful 
explicit expressions for comparison with a formula derived in section 4. 



2. Matter fields in Vasiliev gravity 

We begin with a review of the formulation of D = 3 higher spin gravity due to Vasiliev 
and collaborators, as presented in . We first recall how to write the gauge sector of this 



theory as a hs[A]©hs[A] Chern-Simons theory, and then show how to introduce linearized 
scalar fields in the Chern-Simons language. Seeing as we will not need all of the details of 
the theory's construction, we present an abridged discussion; the reader who would prefer 
not to take anything on faith is referred to appendix A. 

Vasiliev gravity contains one higher spin gauge field for each integer spin s > 2, coupled 
to some number of matter multiplets. There are various ingredients, foremost among them 
a set of "master fields:" a spacetime 1-form W = W^dx^ as well as spacetime 0-forms B 
and Sa- Besides the spacetime coordinates x, the generating functions W,B and Sa also 
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depend on auxiliary bosonic twistor variablesi Zct,ya where a = 1,2, as well as on two 
pairs of Clifford elements: '^1,25 and k, p. That is, 

{tp„ tPj} = 25,j , kp=-pk, k^ = p^ = l (2.1) 

Whereas 1(^1^2 commute with all other auxiliary variables, k and p have the properties 

kya = Vak, kZa = Zak 

(2.2) 

PVa = VaP, pZa = Z^P 

Roughly speaking, W encodes the gauge sector, B parameterizes the AdS vacua of 
the theory and is used to introduce propagating matter fields, and Sa ensures that the 
theory has the correct internal symmetries. The elements {zoi,yct,k, p} are ingredients 
in the realization of these symmetries, and the tj^i are required only when writing down 
solutions. 

Twistor indices are raised and lowered by the rank two antisymmetric tensor eap- 

z'^ = e"^^/3 , z^ = zf'ep^ (2.3) 



where we use the convention, following [|2^, e^^ = ei2 = 1. Functions of the twistors Zo,,yoL 
are multiplied by the Moyal product: 

f{z, y) ★ g{z, y) = j (fu j (fv e^"«""/(^ + u,y + u)g{z -v,y + v) (2.4) 

We can combine the oscillators and various other ingredients to construct two sets of 
so-called "deformed" oscillators, denoted Za,ya- The ija, which will be more important 
for our work here, obey deformed oscillator star-commutation relations 

[i/a,y/3]* = 2zea/3(l + i^fc) (2.5) 

These deformed oscillators give rise to the higher spin algebra hs[A] as follows. Define 
elements of the algebra to consist of symmetrized, positive even-degree polynomials in y^. 
Multiplying these elements using (|2.5|), and projecting onto k = ±1, the commutation 
relations are those of hs[A], with X = ^{1 ^ v)}^ 

This deformed oscillator algebra plays a central role in the study of AdS vacua in 
Vasiliev theory. It emerges dynamically from the field equations of the full nonlinear 
system of higher spins. The parameter u encodes the deformation, and in the event that 



^ The Za,ya are sometimes referred to as "oscillators." 

* More precisely, we consider polynomials of degree two and higher, since the constant term 
star-commutes with everything. We also note that one can enlarge hs[A] by including odd powers 
of the jja in the polynomials, though our interests here are in purely bosonic Vasiliev theory. 
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= 0, the theory is said to be undeformed. v also plays two other important roles: it 
parameterizes a family of inequivalent AdS vacua, and sets the mass of any scalar fields 
that we introduce to the theory. These connections stem from the structure of the field 
equations, themselves tightly constrained by higher spin gauge invariance. 

To see how v appears in connection with the AdS vacua, we examine the field equa- 
tions. There are five equations in terms of the master fields W, B and So.-, and we present 
two of them here (the others are written in the appendix): 

dW = W M<W 

(2.6) 

dB = W i.B -Bi<W 

The equations that we have omitted all depend on S^- At the order to which we will be 
working in this paper — namely, linear in the scalar fields — the entire effect of Sa is that 
it forces W and B to be independent of k and 5^. With this in hand, we can proceed by 
focussing on ( p.6| ). 

We first consider solutions with vanishing scalar field. This corresponds to taking a 
constant background value for S, 

B = v (2.7) 

where the constant v is fixed by the omitted So. equations to be the same parameter as 
appears in the deformed oscillator expressions. 

Now, the first equation in (p. 61) can be written as a flatness condition for two Chern- 
Simons gauge fields, each taking values in the Lie algebra hs[A]. In order to see this we 
introduce gauge fields A and A by 

W ^ -V^A-V-~A (2.8) 

where A and A are functions of and the spacetime coordinates . Here we have 
introduced the projection operators 

V± = (2.9) 

obeying 



(2.11) 



Plugging ( pTSD into ( pTB)) yields 

+ A A ★A = 
d A + A A ★ A = 



Prom our earlier remarks, we see that if A and A are taken to be polynomials of positive 
even degree in symmetrized products of ^q, then (|2.11|) are equivalent to the field equations 
of hs[A]©hs[A] Chern-Simons theory. Since SL(2) is a subalgebra of hs[A], this theory 
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includes ordinary Einstein gravity with a negative comological constant as a consistent 
truncation. 

Before introducing the scalar fields, let us say a bit more about hs[A]. The hs[A] Lie 
algebra is spanned by generators labeled by a spin index s and a mode index m. We use 
the notation of ||2l|] , in which a generator is represented as 

V^, s > 2 , |m| < s (2.12) 

The commutation relations are 

s+t-\s-t\-l 

[V^X]= E 9u{rn,n;X)V:+'-- (2.13) 

•u=2,4,6,... 

with structure constants defined in appendix B. The generators with s = 2 form an SL(2) 
subalgebra, and the remaining generators transform simply under the adjoint SL(2) action 
as 

[^^,Kl = Mi-l)-^)V^^+n (2.14) 
The parameter A can be mapped to the parameters of the oscillator formulation as 

A=i^ (2.15) 

where k = ±1. When A = 1/2, the theory is undeformed and this algebra is isomorphic to 

hs(i,i) m. 

To summarize what we have found so far, the gauge sector of the Vasiliev theory boils 
down to hs[A]©hs[A] Chern-Simons theory. This sector of the theory has no propagating 
degrees of freedom. 

To introduce propagating scalar fields we study a linearized fiuctuation of B around 
its vacuum value ( |2.7D , 

S = + C(x, ^„ y,) (2.16) 

The bosonic field C is taken to have an expansion in even-degree symmetrized products of 
the deformed oscillators fja- The lowest term in the expansion, with no deformed oscillators, 
will be identified with the physical scalar field. C obeys 

dC -W i<C + Ci<W = (2.17) 

We decompose C as 

C = V+i^2C{x, y^) + V-ij2C{x, y^) (2.18) 
Plugging into ( |2.17| ) we find 

dC + Ai<C-Ci<A = 

^ _ ^ ^ (2.19) 
dC + A^C-Ci.A = 
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As shown in the next section, expanded around AdS each of these equations reduces to 
the Klein-Gordon equation for a scalar field of mass = — 1. More generally, these 
equations capture the interaction of the linearized scalars with an arbitrary higher spin 
background. For example, they can be used to study the propagation of a scalar field in 



the higher spin black hole of ^3 



We note that the two equations ( |2.19| ) are related hy A <-> A, C ^ C. This is 
interpreted as a "charge conjugation" operation that flips the sign of all odd spin tensor 
gauge fields. Another notable feature is that the equations ( |2.19| ) are only sensible for 



A and A on-shell, i.e. satisfying equation (|2.11|) . This can be seen by taking d of these 



equations; if the connections are not flat this leads to extra constraints on C and C with 
no interpretation in terms of propagating scalar fields. 

Recapping, we have now reduced the system of equations down to and ( |2.19|) . 

These equations describe the propagation of linearized scalar fields in an arbitrary on-shell 
higher spin background. They do not capture backreaction of the scalar on the higher 
spin fields, or self-interactions among the scalars. Neither of these effects is needed for the 
computation of the three-point correlators herein. 

We now turn to solving these equations, and introducing efficient tools for this purpose. 
We focus on the C equation; results for C then follow by charge conjugation. 



3. Generalized Klein-Gordon equations in higher spin backgrounds 

Starting from 

dC + A^C-Ci.A = (3.1) 

for some higher spin background determined by hs[A]-valued connections {A, A), we want 
to extract the generalized Klein- Gordon equation hiding within. 

As we said, in the traditional formalism of bosonic Vasiliev theory, the master field C 
is expanded in deformed oscillators jja as 

C = C^+ C^^vo^yp + C^^'^^y^ypyaiix + • • ■ (3.2) 

where the star product is implied and all components of C are symmetric in twistor indices. 
This separates the components of the master field into the physical scalar field, which is the 
lowest component Cg, and the remaining components related on-shell to Cq by derivatives. 
Plugging ( p.2| ) into ( p.l| ) leads, after much work, to the scalar equations. 

The most tedious part of this computation is multiplying the deformed oscillators. We 
need to take a pair of symmetrized combinations of oscillators, multiply them, and then 
resymmetrize using ( ^.5| ). Rather than carrying out this procedure each time, it would 
be much more convenient if we had a closed- form expression for the multiplication rules. 
Recall that the Lie algebra obtained via star-commutation of these elements is hs[A]. Now, 
underlying hs[A] is an associative product, under which the hs[A] Lie bracket becomes the 
commutator (|2.13| ). This "lone-star product" is defined as 
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s+t-\s-t\-l 

V^^V:,^^ J2 9u{rn,n-\)V:iX'r (3.3) 

u=l,2,3,... 

One recovers ( p.l3|) upon using the fact that 

<*(m, n- A) = m; A) (3.4) 

This was originally presented in an early paper on Woo algebras ||26|| , and used more 
recently by two of the present authors |2^] to compute black hole partition functions in 
hs[A] gravity. 

It is then very natural to suspect an isomorphism between the product rules for 
symmetrized oscillator combinations and those of the lone-star product. In appendix B 
we present strong evidence at low spins that, indeed, the lone-star product acting on hs[A] 
generators is isomorphic to the product involving the deformed oscillators, with a specific 
identification between generators and oscillator polynomials. 

Proceeding under this assumption, which will be well justified by the consistency of all 
results, provides a major technical simplification. One trades the tedious symmetrization 
procedure for the known and easily manipulated hs[A] structure constants. 

In this language, we expand the master field C as follows: 



oo 



s=l \m\<s 

This maps to ( |3.2|) under the identifications 

with the index m related to the number of oscillators yi versus y2 as 2m = Ni — N2. (For 
more details see, appendix B.) The functions are functions of spacetime coordinates 
X, and the auxiliary tensor structure has been absorbed into (s,m). The gauge fields are 
expanded similarly, 



CX3 00 



^ = E E ' ^ = E E (3.7) 

s=2 \m\<s s=2 \m\<s 

The lowest scalar component, Cg, will be our physical scalar field, and the remaining 
will be related to derivatives of Cq. Upon plugging into (|3.1| ) we can obtain the equation 



of motion for Cq. 

Let us begin by solving the equation ( |3.1| ) in AdS; aside from being an instructive 
exercise, this will lay the foundation for what follows. The same computation has been 
performed in various places (e.g. p0|j2^] ) in the oscillator language. Because there are no 



higher spin fields turned on in the vacuum, Cq should obey the ordinary Klein-Gordon 
equation and the remaining components should be fixed in terms of Cq. In addition, 
previous literature on the subject tells us that the scalar mass squared is = A^ — 1. An 
attractive feature of the theory is that the value of the mass is fixed by the gauge algebra. 
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3.1. AdS: Recovering the Klein- Gordon equation 

The AdS connection is constructed out of the spin-2 generators alone, namely those 
forming an SL(2) subalgebra of hs[A]. We work in Euclidean signature in Fefferman- 
Graham gauge, with radial coordinate p and boundary coordinates (z, z). The connection 
is 

A = ePV?dz + V^dp 

(3.8) 

A = e^Vl^dz - V^dp 

giving rise to a metricH 

ds^ = dp^ + e^Pdzdz (3.9) 

and vanishing higher spin fields. 

Due to the simplicity of this connection — the small number of generators, their low 
spin and the symmetric appearance of A and A — the C equations (3J.) are simple to 
write. Decomposing along both spacetime and internal hs[A] space, and using the lone-star 
product, one findsH 

a,C^ + 2C4-i + C4+i^7$^+^)^(m,0) = 

(3.10) 

where |m| < s and d = dz,d = dz. (Here and henceforth, we suppress the A-dependence 
of the structure constants g^{m,n).) 

It is now easy to obtain the Klein-Gordon equation. Writing out a handful of equations 
at s = 1, 2, one finds four that form a closed set for components {Cq, Cq, Cq, Cf}: 



Kp ■ 


dpCl -I- Cg ■ 


6 






del + (i'cl 


6 






del + (i'cl 




A^- 
30 




dpCQ + 2Co 


, ^3 2(A2 - 4) 
+ 15 


= 



(3.11) 



^ In this work, we will not need the prescription to pass from Chern-Simons to metric language; 
suffice it to say that in writing this metric, we have chosen a particular normalization of the hs[A] 



trace. See [23| for conventions used here. 

^ is a short-hand notation for the component along V^dx'^ . 
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Solving for the higher components and plugging back in yields 



[dl + 2dp + 4e-2^aa - (A^ - 1)] Cl = (3.12) 



This is the Klein- Gordon equation in the background ( p.9| ) with the correct scalar mass. 

In order for the entire set of unfolded equations to be consistent, all components of 
C must have a smooth solution in terms of Co.0 We delay presentation of the solution 
for the full master field C in AdS until section 4, where we will need it to compute the 
three-point functions. There, we will also show that for any connection related to AdS 



by a non-singular gauge transformation, the linearized matter equations (|3.1| ) admit a 
consistent solution for the full master field C. 

Before moving on to higher spin deformations of AdS, let us elucidate the structure of 
( p.lU| ) and present a systematic strategy for isolating the minimal set of equations needed 
to solve for Cg. We wish to highlight a special type of component of C, namely those 
which are of the form C^J^^ and hence have the smallest possible spin for fixed mode m: 
Co,C^i, etc. We call these "minimal" components. 

Starting with the p equations, it is clear that for fixed mode m, one can solve these 
recursively for all non-minimal components in terms of C^J^ and p derivatives thereof. 
This is a consequence of being in Fefferman- Graham gauge, whereby Ap = —Ap = Vq, 
and we will remain in this gauge throughout this paper. Having solved for the minimal 
components C^^^, one should view the V^^^ and V^^^ equations as determining these in 
terms of Cq and (z, z) derivatives thereof. 

This reveals a useful strategy for extracting the smallest possible set of equations to 
obtain the scalar equation in any background. We think of the p equations as implicitly 
solved. Then, along (z, z), one need only keep track of the mode indices appearing in any 
given equation, and one need only look at equations along minimal directions. 

Let us demonstrate with the AdS connection (|3.8D . We use the following heuristic 
for which components appear in which equations (structure constants implied): for modes 
m = 0,1,2, 



^ Upon solving for the in terms of Cq, one observes the following pole structure in the A 
plane: 



s-l 



CL-{---)X{{\^ -pT' (3.13) 



This is evident in ( |3.11 ), for example. These are not problematic for p ^ 1, as hs[A] degenerates 
to SL(N) at integer values of A > 2, and the spin s > A fields do not exist. The singularity at 
A = 1 has a different role, but is a reflection of the fact that hs[l], in the absence of a rescaling of 
generators, becomes similarly degenerate as many structure constants vanish. 
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Vo-, ~ dCo + Ci , Vo,, ~ aco + C_i 

14,5 ~ aCi + C2 , 14,. ~ aCi + Co (3.14) 

^2,2 ~ + C3 , V2,2 ~ dC2 + Ci 



The equations Vq*^^, Vj^^ form a dosed set among components with m = 0, 1, and so wiU 
be enough, afong with whatever p equations we need, to find the Klein-Gordon equation. 
This is exactly what we presented in (|3.11| ). 

3.2. Chiral higher spin deformations of AdS 

To warm up to the higher spin connections we will ultimately consider, we present the 
simplest possible higher spin deformation of AdS: a constant, chiral spin-3 deformation, 

A = ePV?dz - r]e^PVidz + V^dp 

(3.15) 

A = ePVl^dz - V^dp 

Prom the point of view of the boundary CFT, this corresponds to adding a dimension-3 
operator to the CFT, with constant coupling rj. 

Using our mnemonic of the previous subsection, we make quick work of this connection. 
Again writing the C master field equation in spacetime and gauge components, we show 
some of the z equations: 

~ aC_i +Co + r7C_3 

3.16 

^i,.-~aCi+C2+r7C_i 

V2,-z ~ dC2 + C3 + r]Co 

The components along z are unchanged from the AdS case. Reinserting the spin indices, 
the minimal closed set of equations is {Vq^^^V^^^,V2 .^,VI^^}, along with any p equations 
necessary. Solving this system gives the following equation for C^: 

[dl + 2dp + 4e-2^(aa - 77^3) - (A^ - 1)] = (3.17) 

There is now a three-derivative term, as one would expect from dimensional analysis. 
This can be extended to a chiral spin-s deformation: for a connection 

A = ePV?dz - rje'^'-^^PVf.dz + V^dp 

(3.18) 

A = ePVl^dz - V^dp 



12 



the generalized Klein-Gordon equation is 

[dl + 2dp + Ae-''P{dd + r]{-dy)-{\^ ~l)]Cl=Q (3.19) 

This example nicely captures the primary general feature of higher spin deformations: 
higher derivative terms enter the generalized wave equation. 

One can extend these methods to any connection — black holes or RG flows, for in- 
stance — although the difficulty in solving the resulting set of equations increases rather 
quickly with the number of generators. We now study a slightly more complicated con- 
nection, relevant for computation of correlation functions in section 4. 

3.3. Higher spin currents in AdS 

Starting from ( p.l5|) , we wish to allow rj to have arbitrary dependence on (2, 
This will act as a source for spin-3 charge J^^\ enabling us to compute the correlator 
{0{zi)0{z2) J^^\zs)) , where O is a scalar primary dual to Cq. To do so, we will need to 
obtain the scalar equation to linear order in the spin-3 source (which we now label /U*-'^-'). 

Previous work on higher spin gravity [132| , |27|| , following earlier work in pure gravity ||3^ , 



laid out a dictionary for relating sources and charges to components of the Chern-Simons 
connection, and we will apply and recapitulate those techniques here. 

The following is a flat connection, to linear order in the source /j,^^\z): 



A^ = e^V,' + ^j('\z)e-'^V^, 



A 



z 



E^((-9)V')(^))e(^-")^V2^_. (3.20) 



ni 

n=0 



A, = ePVl^ 



along with the usual Ap = —Ap = Vq, subject to 



dJ^^\z) = -^d^^^^\z) (3.21) 



This is the same connection as flrst presented in P^, now embedded in hs[A] instead 
of SL(3,R) and with vanishing stress tensor. The leading term in A^, namely — n^^"^ €"^^1^2 
is the source, dual to the charge term -^3jJ^^^e~'^^V^2 ^z- The remaining terms in A^ 
are required for flatness. We have included a normalization constant B^^^ in the deflnition 
of the current. While its actual value is unimportant for the calculations in this papei^, 
we include it to stress that we are inserting the factor 



When writing the functional dependence of fields and operators on (z, z), we temporarily use 
the notation z = {z,z). 

^ For an explicit formula for this coefficient for any spin, see equation (A. 4), where i?^^^ = 
— ^Ng in their notation. 
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in the CFT path integral. Writing the connection with unit coefficient (up to a sign) for 
the chemical potential iJ^^^ then fixes the other free coefficient, and B^^^ is fixed by the 
Ward identity (^^, equivalently by the OPE 

J(3)(.)J(3)(0)~^1 (3.23) 

Passing to the metric-like formulation of the spin-3 field using (p^^a ~ Tr(e(^e,^e^)), 
one can explicitly check that this connection turns on various components of ip^va- for 
instance, the component 

ip-z-z, ~ li^^'^e^PT^iyiVl^V^^) (3.24) 

makes it clear that we have turned on a spin-3 source that grows toward the boundary. 

Following our prior method, one finds that the following set of equations forms the 
minimal closed set needed to determine Cg: 

^M, Vl^, V\,, , Vl-,, Vl,, (3.25) 

As always, these should be accompanied by some number of p equations required to 
eliminate non-minimal components of C . Solving these perturbatively, one finds the fol- 
lowing scalar equation to linear order in [i^^^ = /i: 

(Dkg + Dm) Co' = (3.26) 

where 

□kg = 9J + 2dp + Ae-^Pdd - (A2 - 1) 

6 V / B^'^> 

+ -e-^P {d^ixd - d^ixddp + d^ixdd - d^^dddp) (3.27) 
3 

- ^e-2^(3aV9p - (A^ - i)aV + saV^aJ - ud^^ddp - (a^ - i3)aVa 

This equation may be used to infer the cubic vertex between two scalars and the metric-like 
spin-3 field. On the other hand, it does not clearly suggest what the analogous equation 
would look like for higher spin sources. What is clear is that the number of terms will 
grow with the spin. 

To solve this using standard AdS/CFT methodology, we write 

Cq{p,Z]Zi) = Gbd{p,z;zi) + (j)^{p, z; zi) (3.28) 
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where the subscript denotes the order in p. The first term is the bulk-to-boundary prop- 
agator of a scalar in AdS with = — 1, and with standard {+) or alternative (— ) 
quantization: 



Gtaip. z,) = ±- ^ (3.29) 

The solution to ( |3.26| ) to linear order in /i is 

(/>^(p, z- zi) = - J d^z'dp'e'^P'Gttip, z; p\ z')n'^Gt9{p' : z'- z^) (3.30) 
where Gbbip, z; p', z') is the bulk-to-bulk propagator obeying 

DKoGbbip. z; p\ z') = e-^Pd{p - p')d^^'> {z - z') (3.31) 

By judicious use of integration by parts, one can reduce the integral to a boundary term 
and read off the three-point function. This was the strategy employed in [^|. Instead, 
we will step back and discuss a simpler method that makes full use of higher spin gauge 
invariance from the outset. With this approach we bypass the need to first find the modified 
scalar equation and then solve it, and instead contruct the needed solution directly. 



4. Three-point correlators from the bulk 

We now turn to the main focus of this paper: the efficient computation of three-point 
correlation functions involving two scalar operators and one higher spin current. Our 
basic observation is that starting from the solution for a free scalar field in AdS we can 
generate a new solution by performing a higher spin gauge transformation. This essentially 
reduces the whole problem to determining how the scalar field transforms under the gauge 
transformation. 

4.1. Spin-1 example 

To illustrate our general approach in the simplest context, in this section we compute 
the three-point function of two scalar operators and a spin-1 current. Rather than working 
in the Vasiliev theory, here we take the bulk action to be a complex scalar field of mass 
w? = A^ — 1 coupled to a U(l) Chern-Simons gauge field, 

S=^lAAdA+^ ld'x^{\D^<P\' + iX'-lM\') (4.1) 

with Dfj^ = d^+A^. To compute the correlator {0{zi)0{z2)J^^\zs)) we proceed as follows. 
We insert delta function sources at Z2 and zs by imposing the following asymptotic behavior 
on the scalar and gauge fieldS 

^{p,z)^p^S^^\z-Z2)e-^^-^'^P , Mp,z)^paS^^\z-zs) , p ^ 00 (4.2) 

The reason for the hats will be clear momentarily. Also, note here that we are using standard 
quantization for the scalar. 
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This form for the gauge field corresponds to a source for the boundary current, as explained 
in [^|35| , |36[] . We then need to find the order ^^^a contribution to the vev 0{zi), which 
also can be read off from the scalar field asymptotics, 



p^oo, Zy^Z2,s (4.3) 

We will keep the constant Bcp unspecified, though we note that a consistent holographic 
dictionary fixes = 2A (for A 7^ 0) [0. The three-point function is then given by 

Oizi) = f,^pA{0{z,)Oiz,)J^^\zs)) + ■■■ (4.4) 

where • • ■ denote terms of other order in /U^,^. 

Since the gauge field has no propagating degrees of freedom we can generate the 
required solution by a gauge transformation. In particular, we start by solving for the 
scalar field with A = 0, using the bulk-boundary propagator 

(j){p, ^) = j d^z'Gbdip, Z2)(j)- (z) (4.5) 

This solution corresponds to an arbitrary source (j)-{z). To generate the desired gauge 
field solution we apply a gauge transformation 



PA 1_ 

2n z — Z3 



A^ = d^A, A{z) = ^— (4.6) 



where we use the formula (i) = 2nS^'^\z). The gauge transformation acts on the scalar 
field as 

(p{p, z) 4){p, z) = {l- A{z))(j){p, z) 

r (4.7) 
= (1-A(z)) j(fz'Gw{p,z-Z2)(t)-{z') 

The leading asymptotic behavior of the transformed scalar solution is 

^(p, z) ~ (1 - K{z))4>_{z)e-^^-^^P , p^oo (4.8) 
from which we read off the relation between the original and transformed sources 

^_(z) = (l-A(^))(/>_(^) (4.9) 

Inverting to first order in A, taking (t)-{z) = P(j)5^'^\z — Z2) gives us an expression for the 
original source 

(l).{z)=p^{l + K{z))5^^\z-Z2) (4.10) 
16 



We now insert this result in (5]7) and compute the asymptotic behavior for z 7^ 2:2,3 • 
Retaining just the term of order \i^\ia^ we find 

A / A(z2) A(2) 



^(p,.)^;p,( ,, :^:^.^.J e-(^+^)^ p^oo (4.11) 



from which we read off 



0(,,) = ^(%1^^| (4.12) 



TT \ \Z\2 



Inserting the formula for A given in ( ^4.6| ) and using ( |4.4| ) we arrive at 



2tx \z1sZ23J 



(4.13) 



{Oiz,)0{z2)) 



This simple example illustrates the power of our approach. Starting from the solution 
for a free scalar in AdSa, as given by the bulk to boundary propagator, all we need to do 
is to perform a gauge transformation to generate a solution with the required asymptotic 
behavior of the gauge field. From this solution we read off the scalar vev, and thence the 
three-point function. 

4-2. General spin correlators 

We now establish an algorithm for computing {0±{zi)0±{z2)J^^\zs)) for arbitrary 
s, where we take 0± and its complex conjugate to be dual to the complex scalar field 
Cq in either standard (+) or alternate (— ) quantization. We will work in the standard 
quantization throughout and include the alternate quantization at the end by taking A — t- 
—A. In addition, the case of the second complex bulk scalar Cq, dual to an operator 0± 
and its complex conjugate, will be read off afterwards. 

Our starting point is the equation (|3.1|) which we reproduce here: 

dC + Ai<C-Ci<A = (4.14) 
This equation is invariant under the hs[A]©hs[A] gauge invariance 

A-^ A + dA+ [A,A]^ 

A^A + dA+[A,A.]^ (4.15) 
C^C + C*A- A*C 

Starting from AdS, we introduce a spin-s source in the unbarred sector by performing 
a chiral gauge transformation with parameter 

2s-l 

n=l ^ ^' 
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This generates the desired source term in A^, 



SA^ = djA^'^e^'-^^PVf_^ + ■■■ (4.17) 
and a conjugate current in A^, 

5A^ = j^^d'^-'A(^^e-^^-'^^Vl^^_,^ (4.18) 

Isolating the lowest component of the transformed C field using ( ^.15| ), which we 
denote with a hat, gives 

= + {6C)l = - (A * C)l (4.19) 
Using ( |4.16| ) and ( |3.ij| ) we can compute {SC)^: 

2.-1 

{SC)l = -J2 T^T^TV ("^^''"'^^'^ ■ 2^2'^'-!^" ~ ^' ^ " «)C-(.-n)e^^-"^^ (4.20) 

This depends on an arbitrary component C^^^_^^^ of the master field C in AdS. As 
discussed previously, these are all fixed on-shell in terms of Cq and its derivatives. Once 
we write {SC)q in terms of the AdS scalar Cq to obtain an expression analogous to ( [4.7|) , 
the remaining work follows the spin-1 example of subsection 4.1. 

To organize the calculation, we first derive a general formula for the correlator, de- 
laying presentation of the explicit formulae for C^f^^_^^ to the next subsection. We can 
rewrite (|4.20 ) as 

{5C)l = D^^^Cl (4.21) 

for some s-dependent differential operator D^^^ which contains derivatives {d,dp). Substi- 
tution for the Cf^(-g_j^-) will reveallii that in the sum ( 4.201) , only the terms for which n < s 
will be needed for our computation: these have no p-dependence, while the n > s terms 
decay at the AdS boundary. This will imply that D^^^^ is of order s — 1 in derivatives 9, so 
we can decompose -D'-'^-* as 

s 

L»W = /^''^(A, dp)d''-^K^'^d'-'' (4.22) 

All of the nontrivial information about the higher spin deformation is hidden in the func- 
tions /^'"(A,ap). 

We now switch to the notation 

Cl ^ <P (4.23) 



11 



See equations 4.40, 4.42. 
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The leading asymptotic behavior of the transformed scalar is 

To move the D^^^ through the p-dependent prefactor, we define 

D^^^ =D^'\dp -(1±A)) 



(4.24) 



(4.25) 



and likewise for /^'""(A). Then setting the transformed source (p-i^z) = fi(j)6^'^^z — Z2) and 
inverting to linear order, 



4>.{z) = p^{l-D^^'^)5^^\z-Z2) 



(4.26) 



The asymptotic behavior of the transformed scalar for z ^ zi now reads, omitting the 
leading part that is local in the higher spin source. 



TX 



d'z'{l + D'^\z)) 



- D^l\z'))5^^\z' - Z2) 



_ -./|2(1+A) 



\Z — Z 



P — !■ 00 



(4.27) 



It is now important to know what coordinates derivatives are acting on, so we re- 
institute the subscript on derivatives: d ^ dz- Isolating the piece of order /j(f,D^^^ and 
placing our scalar operator at the boundary point 2; = ^i, we have 



TT 



1 



^_,D^_!\z')5(^\z'-Z2) 



d^z 



_^/|2(l+A) 



(4.28) 



We want to integrate the second piece by parts, which was the point of the definition 
( [4.22|) . Writing the integral as 



d^z 



,D_{z')6^^Hz' -Z2) 



^/|2(l+A) 



^/l'-(A) / d 



n=l 



Z2 



IZI -;Z'|2(1+A) 



(4.29) 



integrating by parts and ignoring boundary terms, the n'th term is 
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s—n / 
j=0 ^ 



3 



1 



(4.30) 



Zi2\^(^+^) 



Making use of the identity, 
1 



1 



r(A + n + l) 1 



^/|2(l+A) 



r(A + l) {zi- z')"" \zi- z'\'^(^+^^ 

(4.31) 
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one can reduce ( 4.28 ) to the following expression in terms of the /^'"^(A) and the transfor- 
mation parameter 

Ais), 



TT Zl2 



2(1+A) 



ti- 



j=0 



s — n\ r(A + s — n — j + 



) 



r(A + i) 



r(A + i) 



'12 



(4.32) 



( [4 .321 ) is the general expression for the scalar vev in the presence of a higher spin 
perturbation, to first order in each of the scalar and higher spin sources. For a higher spin 
delta function source at zs, we take (cf. ( [4.17|) ) 



1 1 

2% z — Z3 



(4.33) 



and ( [4.32| ) becomes 



1+A) 



27r2|^i2P(i+^) — Z^^ 



/i'"(A)3rE(-l) 

23 j=o 



r(A + i) 

s — n\ r(A + s — n— i + 



'13 



3 



r(A + i) 



(n-l+j)!( — 

^23 



(4.34) 

Therefore, reading off the three-point function {O j^{zi)0 j^{z2) J'^^\z3)) boils down to 
knowing the functions /^'"(A) encoding the change in the scalar under gauge transforma- 
tion. 

Before turning to the problem of determining these functions /^'"^(A), we note that a 
conformally symmetric result has the property 



{0{z^)0{z^)J^^\z3)) = {-ly{0{z2)0{z^)J^^\zs)) 



(4.35) 



This property is not manifest in our formula ( ^4.34|) , but it implies that, resorting to the 
notation of ([4.28| ), the correct solution is given by 



D^^\z^) + {-lrD^_^\z2) 



1 



^12 



2(1+A) 



(4.36) 



In terms of the /^'"^(A) this looks like 

<?+(^i) 



(-l)-U^^ ^ /;>-(A)r(A + g-n + l) , _ 

1+A) -s-n T-/\ , 1^ 



27r2|2i2p(^+^) 



n=l ^12 



r(A + i) 



1 (-1)^ 

^13 



Z. 



23 



(4.37) 
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where the extra (—1)" comes from sign changes under derivatives acting on (cf. 
( [4.31|) ). One can show, by using ([4 .341 ) and ( [4.37| ) and equating terms with the same 
number of powers of 2:12, that this in turn imphes the foUowing unobvious relations: 

r+W = - (' I (4.38) 

n=l V ^/ 

for some fixed j. 

Upon solving for the /^'"^(A) generated by the gauge transformation ( [4.16|) , we will 
show that ( |4.38| ) is indeed satisfied. 

4.3. The AdS master field C 

To write the /±'''(A) as defined by (^^201 ), ( WM ) and (^^, we need a formula for all 
components of the master field C in AdS, written in terms of Cq = (p. This amounts to 
solving ( ^.lUl ). We first solve for the minimal components C^J^^ in terms of (j), then for 
the non-minimal components C^^^^ in terms of the C^^^, and finally we put the two 
together. 

Minimal components C!^^^: 

Taking m ^ —m and s = m + 1 in the second equation in ( |3.10| ) gives 

+ -m - 1)C!?+!, = (4.39) 

where we recall that for some component one needs \n\ < s — 1. Solving recursively 
yields the following expression: 

/m+l \ -1 

C-nl' = 9?{l,l~p)j {-2e-^d^r<j> (4.40) 

A similar analysis along z yields 



/m+l \ -1 

'=yU9?i-l.p-l)j i2e-Pd,r<P (4.41) 



where we have used the fact that g^^{m,n) = g\^{n, m). 
Non-minimal components C^^^~^^: 

From the p equations in ( 3.10|) , one can see that, say, the component Cq will have the 
same structure, when written in terms of 4>, as Cf in terms of Cf, and so on. In general, 
components with fixed s — |m| when expressed as a function of their respective minimal 
components will have the same form in terms of structure constants. 
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The solution is 

r -|^\s — 1 — m 



n 9f{^,Q) 



L 2 - 



s — 2a— m — 1 
P 



a=0 



m+l 



(4.42) 



The Aa{s,m) are defined as 



il ...id k=l 



with indices subject to 



2k + m<ik<2k + s -I - 2a 
ik>ik-i + 2, \/k>2 



(4.43) 



(4.44) 



In appendix D, we present expressions for several of the Cq obtained from solving ( |3.10| ) 
directly to facilitate easy comparison with (|4.42| ). 

Via (^4.401 ) , (|4.41|) and ( [4.42|) , one has all components of C in terms of the fundamental 
scalar field, (j). These formulae also justify our previous statements about subleading terms, 
and about D^^^ being order s — 1 in derivatives d. 

With these results in hand, we combine ( [4.40|) and (|4.42|) at m = s — n to write 
Cf-(s_„) in terms of (p, and plug into ( [4.2C1| ). The result can be written 

s 

{5C)l = J2 /±''(A)a^-^A("^ar''<^ + (subleading) 



n=l 
s 



IS — n— 1 



(4.45) 



^(-1)^^^^-^ j-±(., s - n- A)ar iA(^)a. 



n=l 



where 



J^±{s, s-n;X) = g2l-i{s -n,n- s) 

n 9f{s-n,Q) 

\p=2^s — n 



' s — n-\-l 



n 9f{i-p.i) 



p=2 



(4.46) 



A«(s,s-n)(±A + s-n + l)""^" 



-2a 



a=0 



with Aa(s, s — n) defined as in ( |4.43[ ) and ( [4.44| ). We have dropped the subleading terms in 
the second line of ( [4.45|) . To obtain this result we have used the replacement dp — )■ — (1±A) 
and the identity 



n-l-2a 



n — 1 — 2a 

X 



{s — n) 



n— 1— 2a— X 



(1±A)^ = (±A + s-n + l) 



n-l-2a 



(4.47) 
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Prom ( [4.45| ), we easily read off the reduced expression for the functions /^'"^(A) : 

OS— n— 1 



/r (A) = (-1)^ 



(n- 1)! 



T±{s, s — n;X) 



(4.48) 



We can now plug this into our general formula ( ^4.34 ) and read off the correlator. If 
we are to obtain a conformally invariant result, it must also satisfy the conformal identity 
( [4 .381 ), in which case formula ( [4.37| ) is equally valid. 

Of course, ( [4.48|) is a rather complicated function when expressed in terms of structure 
constants, and combined with ( ^.37| ) it is not at all clear that we will arrive at our desired 
result. Accordingly we expect dramatic simplification of the /^'"^(A) when the structure 
constants are written out explicitly. 

4.4- Final result 



We set out to compute the f^^{X) for low values of n, using the formulae ( [4.46|) , 
( [4 .481) . The results up to s = 8 are: 



(4.49) 



/±'(A) 

/±''(A) 
/±''(A) 



Indeed, these are compact expressions. By induction, we obtain a tidy formula for these 
functions: 











(-1)^ r( 


s±A) 






2 T{s 


-1±A) 






{-ly s- 


2 r(s 


±A) 




4 2s- 


-3r(s- 


2± A) 




{-ly s- 


3 r(s 


±A) 




24 2s - 


-3r(s- 


3± A) 




(-1)^ (s 


-3)(s- 


4) r(s±A) 




96 (2s 


-3)(2s- 


-5) r(s-4±A) 




(-1)^ (s 


-4)(s- 


5) r(s±A) 




960 (2s 


-3)(2s- 


-5) r(s-5±A) 




(-1)^ (s 


-4)(s- 


5)(s-6) r(s 


±A) 


5760 (2s 


-3)(2s- 


-5)(2s-7)r(s- 


6±A) 


(-1)^ (s 


-5)(s- 


-6)(s-7) r(s 


±A) 


80640 (2s 


-3)(2s- 


-5)(2s-7)r(s- 


7± A) 



frw = (-1) 



r(s± A) 



n 



s + j — n 



r(s-n + l±A)2"-i(2LfJ -1)!![^J! ^ 2s - 2j - 1 



(4.50) 



Encouragingly, one can check spin-by-spin that this expression indeed satisfies the con- 
formal identity (^4.38| ). Plugging this into (|4.37| ) and including the alternate quantization 
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A — i- —A then yields the final answer for the correlator: 



27r2|zi2p(i±^)r(2s-l) r(±A) 



27r r(2s-l)r(l±A) Ui3^23; 



(0±(^l)0±(^2)) 

(4.51) 

This is manifestly conformally invariant, and the overall coefficient is the main result. 

While we lack a rigorous proof of ( [4.50| ) and ( [4.51| ), we have confirmed (|4.50| ) up to 
n = 13; assuming ( [4.5C1| ), it is simple to confirm ( [4.51| ) at any desired spin. 

Recalling the discussion at the end of section 2, there exists a second projection of the 
master field C that gives rise to the equation 

dC + Ai<C -Ci<A = (4.52) 

The lowest component of C is also a complex scalar field, dual to a scalar CFT operator 
O and its complex conjugate. This equation is simply related to ( [1.14| ) by the exchange 
A ^ A, which fiips the sign of all odd spin tensors. Therefore, the result for the tilded 
correlator is simply our result (|4.51 ) with a (— 1)'^ removed: 



(c5,(.05.(..).<-'(.3)) ^ (-ia_y ,4.53) 



In the context of the Wn coset CFT duality conjecture, one scalar is in standard 
quantization and the other in alternate quantization. The operation of hipping the sign of 
odd spin fields corresponds to a charge conjugation operation in the CFT. 

These results match and extend the bulk calculations of which were restricted to 
A = 1/2. To further compare to the CFT, we now compute the same correlators using 
CFT considerations, again for all A and s, and find perfect agreement with the bulk. 



5. Three-point correlators from CFT 

We now shift focus and consider the constraints on three-point functions due to the 
existence of a higher-spin current algebra. Our considerations will be entirely based on 
symmetry, and in particular on the existence of Woo [A] current algebra. If these currents 
are not present in the CFT, then even before considering scalar operators there will be 
a mismatch between bulk and boundary correlators involving only currents. So we will 
assume the existence of this symmetry algebra, and then see what constraints this imposes 
on the scalar-scalar-current three-point functions. Our computations in this section are 



along the same lines as in [21 1, but generalized to arbitrary s. 
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Suppose we have a spin-s current J^^\z), and scalar primary operator 0{z, z)^ whose 
OPE has the foUowing leading singularity, 

j(^^(z)O(0) ~ ^C(0) + --- (5.1) 

z^ 

The three-point function is then related to the scalar two-point function as 

{Oiz,)0{z2)J^'\zs)) = A{s) (^^) {0iz^)0{z2)) (5.2) 

V^13^23/ 

Writing the mode expansion 

J(^){z) = -1- y ^ (5.3) 
27r ^ 2"^+^ 



the zero modes act on the primary state \0) as 

4^\0) = -2'nA{s)\0) (5.4) 

In the case of interest, the currents j''^\z), s = 2,3,..., obey the Woo [A] current 
algebra. The wedge modes are defined to be those that annihilate the vacuum state, and 
are given by 

C = , H<s (5.5) 

In general, these wedge modes do not yield a closed subalgebra of Woo [A] , as their com- 
mutators yield modes outside the wedge; in particular, this is due to the nonlinearities 
present in Woo [A]. However, the nonlinear terms are suppressed at large central charge, 
and so in the limit c — )■ oo the wedge modes do define a subalgebra of Woo [A] - the wedge 
subalgebra. This subalgebra is hs[A]. To exploit this simplification, for the remainder of 
this section we will assume that we are working in the limit of large central charge. See 



211] for further discussion. 

Furthermore, these considerations fix the relative normalization of the bulk and bound- 
ary currents. In particular, we have defined our conventions such that the currents ( |5.3| ) 
are equal to the currents derived from the bulk. 

Acting on \0) with the wedge modes, we obtain a representation of hs[A], and we can 
therefore use the representation theory of hs[A] to determine the zero mode eigenvalues 
appearing in ( |5.4| ), and thence the three point function (^). The Virasoro zero mode 
eigenvalue is fixed by the scaling dimension of O, 

Vo'\0±) = ^{l±X)\0±) (5.6) 



12 



We use the shorthand 0{z,z) = 0{z) in what follows. 
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where we've now introduced the pair of scalar operators 0±. We need to compute the 
remaining eigenvalues. 

To proceed, it is useful to build up the hs[A] generators in terms of SL(2) generators. 
We write Vi = Li,Vq = Lq, V^^ = L_i, which obey the SL(2) algebra 

[Li,L_i] = 2Lo , [Lo,Li] = -Li, [Lo,L_^] = L_^ (5.7) 

We then construct the generators asEl 

= i-ir-' ^^9^- 9V ^' i^-'^ ■ ■ ■ ^^-'^ [-^-i^ -^r^]]] (5.8) 

s — l — m 

where in addition we mod out by the ideal obtained by fixing the SL(2) quadratic Casimir 
as 

C2 = Ll- ^iL^L_^ + L_^L^) = \{\^ ~ 1) (5.9) 

We can use this to work out the zero mode eigenvalues, as illustrated by the first nontrivial 
case: 

s = 3: V^\0^) = -^[L_,,[L_,,Ll]] = {^C^ - |0±) = -^(A ± 2)(A ± 1)|0±) 

(5.10) 



In the last step we used ( |5.6| ) and (|5.8[ ). Working out further examples by brute force 



quickly gets tedious, so we adopt a more indirect approach. 

First, it's easy to see that Vq will be a polynomial in A of degree s — 1, as illustrated in 
( ^.10|) . This follows, since the terms in (|5.8|) obtained after working out all the commutators 
will each have s — 1 generators, and using either ( |5.9| ) or Lq = ^(1 ± A) will convert a 
generator into at most one power of A. 

Next consider taking A = A^, a positive integer. In this case, after factoring out 
an ideal, hs[A] becomes SL(N), which we can represent in terms of N x N matrices. In 
this representation the generators with s > all vanish identically when they are 
constructed using (p78|), and in particular this holds for the zero modes Vq. We also note 
that the eigenvalues of Lq = Vq in the N x N matrix representation are: — , — + 
1,...,^^^^. Note that the smallest eigenvalue coincides with ^(1 — A), i.e. with the 
eigenvalue of Lq acting on \0-). Together, these facts imply that Vq\0-) = for A = 
1,2, — 1. Combining this with the statement in the previous paragraph, we fix the A 
dependence of the zero- mode eigenvalues to be 

V„'|0_> = N{s)lX - (s - 1)1 . . . [A - 21|A - 11|0_> 



As will be discussed at the end of this section, we obtain a second inequivalent representation 
by appending a factor of ( — l)** to the generators. 
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for some prefactor N{s). To obtain the eigenvalues for we simply flip the sign of A, 
and we arrive at 

Fo«|0±) = ^(«)(-l)^"'^|^|(^±) (5-12) 

To fix N{s) we can pick some convenient value of A. If we take A = 1/2 then we can 
represent SL(2) as 

Lq = -^{xd^ +da:x) , L_i = , Li = (5.13) 

We can then construct hs[|] using ([5.8|). 

Now, at A = 1/2 we have Lo|C+) = which in the representation ( ^.131) is 

achieved by taking Lq to act on the function x~'^. As shown in appendix C the eigenvalues 
of the other zero mode generators are then computed to be 

= H)lK£_im^,-. (5.14) 

° 2«-i(2s-2)! ^ ' 

Comparing this with the 0+ version of (|5.12|) at A = 1 /2 yields 

which gives us our final result for the zero mode eigenvalues 

Vo'\0±) = (-l)--£i^£i^^|0±) (5.16) 

°' ^ ^ ^ r(2s-i)r(i±A)' ' ^ ^ 

Using (|5.1|) and ( |5.4| ), we have therefore fixed the three-point function to be 

(5.17) 

This agrees perfectly with the correlator obtained from the bulk, ( [4.51j ). 

Now let us come back to the footnote accompanying ( [5.8| ). hs[A] admits the automor- 
phism — > {—lyV^, which can be thought of as charge conjugation. If we had instead 
used the charge conjugate generators in ( p. 8) ) then a factor of (—1)* would have propa- 
gated through to the final result ( ^.17 ). Equivalently, starting from 0± we can consider 
operators 0± that transform as their charge conjugates. The three-point function of such 
operators is therefore 

This agrees with the bulk result ( [1.53|) . 

27 



6. Discussion 



6.1. Comparison with previous results 

The results (|5.17| )-( |5.18| ) derived from CFT considerations agree perfectly witli tlie 
correlators derived from the higher spin theory in the bulk, namely ( [4 .511) and ( [4.53|) . 
Before discussing the implications of this agreement, let us compare to previous work. To 
this end, we note that in our normalization the current-current two-point function is 

(J^^Uz)j'^^U0)) - 3fc sin(.rA) r(.)r(. - A)r(. 4- A) 1 



2' 



Z^ 



The derivation of this result proceeds in the same fashion as led to ( |3.23| ). This normal- 
ization is the "natural" one, since the wedge modes defined in (|5.3[) then obey the hs[A] 
algebra with standard normalization. 

In three-point correlators were computed from the bulk for arbitrary s and A = 
1/2; and in the 't Hooft limit of the Wn minimal model for s = 3 and arbitrary A. Their 
ciirrents are normalized to {■J^^\z)J^^\0)) = z~'^^ . Under the identification O^^'^ = 
and O^'^'^ = 0_ , and taking into account the different normalizations for the currents. 



we verify that our results reduce to those of [g4[ for the special values of s and A. 

In the three-point function for s = 4 was computed in the 't Hooft limit of the 



Wn minimal model. The normalization of the current was not specified, but a normaliza- 
tion independent ratio was obtained (see equation 3.35 therein). The corresponding ratio 
obtained from our result is 

{0+iz^)0_+{z,)j(^\zs)) ^ {1 + X){2 + X)i3 + X) 
{d-{zi)d-{z2)J(''Hz3)) (1- A)(2- A)(3- A) 



which agrees with [25 . 



6.2. Comments 

We now discuss the implications of our agreement between bulk and boundary. On 
the CFT side, what went into the computation was the assumption that the CFT has a 
symmetry algebra containing hs[A], along with scalar operators of the correct dimension; 
everything else followed from hs[A] representation theory. So any CFT with these properties 
will have three-point functions that match those of the bulk. One way that hs[A] symmetry 
can emerge is if the CFT has Woo [A] symmetry, and the central charge is taken to infinity. 
Then hs[A] is identified with the wedge subalgebra of Woo [A]. 

Now consider the case of the Wat minimal models proposed by Gaberdiel and Gopaku- 
mar as CFT duals of the bulk higher spin theory. As we have stressed, even before con- 
sidering the scalars, it is necessary that in the 't Hooft limit the CFT acquire Woo [A] 
symmetry if it is to have a chance of matching with the bulk. The bulk theory has such a 
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symmetry, and this fixes the form of all correlation functions on the plane involving just 
currents. These will not match with the CFT unless the latter also has Woo [M symmetry. 

Assuming that the CFT does indeed exhibit hs[A] symmetry, let's consider the scalars. 
The results of this paper establish that if the CFT has scalar operators of the correct 
dimension, A = 1 ± A, then the scalar-scalar-current three-point functions on the plane 
will match between the bulk and boundary. 

As an illustration of these comments, we now establish that a theory of free bosons 
has correlators that match those of the corresponding bulk theory. Here by "correlators" 
we mean those discussed above: namely pure current correlators, and scalar-scalar-current 
correlators, all evaluated on the plane. Consider the following currents 

2n (2s + 1)!! ' s + 1 \ k J \k + 1 J ^ ^ ^ ' 



where (/> is a complex free boson. These currents yield the linear algebra W^^^ at 
c = 2 [38,3^]; the generalization to higher c is obtained by introducing additional copies of 



the free boson. After a nonlinear redefinition of the currents, W^^^ becomes equivalent 
to Woofl] [iO|,0. For A = 1 the bulk scalar is dual to a CFT operator of dimension 2, and 
this is O = d(pd(p. The results of this paper show that the scalar-scalar-current three-point 
functions of this free boson theory will match those of the higher spin theory in the bulk at 
A = 1. For instance, it is simple to check this explicitly for the case of the spin-3 current. 
A related situation occurs with complex free fermions at A = 0. The following currents 

3| 



2% (2s + l)!! ' V ^ 

^ ' k=o ^ 



realize the algebra Wi+oo 0] at c = 1. Although Wi+oo is not equivalent to Woo[0] 
due to the presence of the spin-1 current in Wi+oo, the wedge subalgebra of Wi+oo yields 
hs[0]; the spin-1 zero mode just yields an operator that commutes with all the other wedge 
modes. The scalar operator in this theory is O = tptp. As we have discussed, this is enough 
structure to guarantee that the scalar-scalar-current correlators (for spin greater than 1) 
will match those of the bulk theory at A = 0, and verifying this is straightforward. 

Note that we are not making any claims here about a full duality between these free 
boson/fermion theories and their bulk counterparts. Indeed, without further ingredients it 
seems clear that the theories cannot be equivalent: if we simply add copies of the free 
fields the CFT will have a U{N) symmetry along with various nonsinglet operators, none 
of which appear to be present in the bulk, at least classically. 
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Appendix A. Lightning review of 3D higher spin gravity coupled to scalars 

In this appendix we present all details necessary for the bulk theory's construction, 
following [^. In particular we derive the equations ( |2.11D and ( |2.19D in section 2. 

According to the full non-linear system of equations governing the interaction 
of matter with higher spin gauge fields is formulated in terms of the following generating 
functions: a spacetime 1-form W = Wi,dx^ as well as spacetime 0-forms B and Sa- The 
generating functions VF, B and Sa depend on spacetime coordinates x, on auxiliary bosonic 
twistor variables and (a = 1, 2) as well as on two pairs of Clifford elements, V'1,2 and 
/c,p : 

[tl),, Vj} = 25,j , kp = -pk , e = p^ = 1 (A.l) 
Moreover, '01^2 commute with all other auxiliary variables, and k, p obey 

kya = Vak, kZa = Zak 

(A.2) 

Indices on z^ and are raised by e"^ and lowered by the rank two antisymmetric tensor 

= t'^^zp , Zo, = z^efi^ (A.3) 

with e^^ejs^ = —5". We follow the convention e^^ = ei2 = 1. 

Using these properties of the auxiliary variabls the basic fields W^, B and can be 
expanded in the form 

1 00 ^ 

A{z,y;^^,2,k,p\x)= J] J] A"-;"-^-'-^" (x) fcV^f^2^ ^c., • ■ ■ ^a„2/ft • . . 

b,c,d,e—0 m,n—0 

(A.4) 

where A is either W,y,B or 3^. The expression A^^^^g"'"^^" '^" (x) in equation (|A.4|) is an 
ordinary spacetime function. Note that A^^^^^"""'^^ ' (x) can be choosen to be symmetric 
in the indices (cti . . . am) and in the indices (/3i . . . 

In order to formulate the equations of motion we use the Moyal ★-product which acts 
on the twistors y and z in the following way 

f{z, y) ★ g{z, y) = j dPu j (fv e^(""V(^ + u,y + u)giz -v,y + v) (A.5) 

where uv is a short-hand notation, uv — UaV". We can verify the following commutation 
relations: 

[Va^ypU = -[za.zp]^ = 2ieci3, [ya,Zf3]^ = (A.6) 
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where [a, 6]^, = a-kh — h-k a is the commutator with respect to the ★-product. 

In terms of the generating functions W = W^dx'^, B, Set we are now ready to write 



down the full non-linear equations of motion [20 



dW = W A^W 
dB = Wi.B-B^W 

dSct = W ^ Set - S^i^W (A.7) 
Set^S'^ = -2i{l + B^K) 

Set -k B = B -k Set 

Here, K - the so-called Kleinian - is given by 

K = ke'^^y^ (A.8) 

These equations ( |A.7| ) are invariant under the infinitesimal higher spin gauge transforma- 
tion 

SW = de + e^W -W^e 

SB = €*B - Bi.e (A.9) 

where e is the infinitesimal gauge parameter which does not depend on p, i.e. 

e = e{z,y;'il}i^2,k\x) (A.IO) 

We will see that W is the generating function for higher spin gauge fields whereas B is 
the generating function for the matter fields. Set will describe auxiliary degrees of freedom. 

Since the equations of the motion (|A.7| ) possess the symmetry p ^ —p and S^ — •S'a 
we can truncate the system to the so-called "reduced" system, in which Wi, and B are 
independent of p, while Set is linear in p. In this paper we consider the reduced system. 

A.l. Vacuum solutions 

Here we consider vacuum solutions of the equations of motion ( |A.7| ). The fields B, W 
and Set of the vacuum solution are denoted by B^^\W^^^ and Sa \ respectively. In par- 
ticular we take B^^^ to be constant, i.e. 

= V (A.ll) 
Plugging this ansatz into (|A.7|) we obtain the following three equations 

dSf^ = W^^^ ^ ^(0) - ★ (A.12) 
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Note that the other two equations of ( |A.7| ) are automaticaUy satisfied by the ansatz ( |A.11|) . 

First, let us discuss the third equation of (|A.12|) . We aheady mentioned that and 
therefore also Sa^ is linear in p. For the case = we can choose Sa^ = pz^, cf. ( |A.6|) . 



For general i., sL'^ can be given by 



Si^'^=pza (A. 13) 



where we have introduced new auxiliary twistor variables z^ and ya which are also known 
as "deformed oscillators," 



Za = Za + Wak 
Va = ycx + ^Wa-k K 



Jo 



(A.14) 



The deformed oscillators ya and Za satisfy the commutation relations 

[ya.yp]* = 2zea/3(l + l^k) 

[pza,pzi3]^ = -2ieaf3{l + i'K) (A. 15) 

[pZa^y/sU = 

and therefore it is straightforward to verify that Sa \ given by equation ( |A.13|) , indeed 
satisfies the third equation of ( |A.12|) . 



As dSa^ = 0, the second equation of (|A.12|) implies that W^*^^ should commute with 
which according to the third line of (|A.15| ) can be achieved by taking W^^^ to be 
independent of k and z^- Therefore W^^^ is only a function of x, 1(^1^2 and y and can be 
expanded as 

1 00 ^ 

VrW(y;^i,2|x)= J2 J2;^^Sodf"i^)i^fr2m^...^yp^ (A.16) 

d,e=On=0 

It turns out that we only have to consider symmetric products in yp-^^ . .-kyp^. Moreover, 
here we will consider only products with an even number of y. Under the star product 
the auxiliary variables jja generate the three-dimensional higher spin algebra hs[A]. To be 
more precise, a symmetric product yp^ ★ . . . *2//32„ corresponds to a generator of hs[A] with 
spin n + 1. In particular the generators T^p of the SL(2) subalgebra are given by 

Tap = --{ycc,yp}* (A.17) 

Multiplying symmetrized even-degree polynomials in y, using the commutation relations as 
given in the first line of equation ( [A .151) and finally projecting on /c = =f1, the commutation 
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relation are those of hs[A] with A = |(l±z/). More details, including the hs[A] the structure 
constants, can be found in appendix B. 

Finally, let us consider the last equation of motion which we have to solve: 



(A.18) 



This equation can be written as a flatness condition of a Chern-Simons theory with gauge 
group hs[A]©hs[A] . In order to see this we introduce hs[A]-valued gauge fields A and A by 

= -V+A - V-A (A.19) 

where A and A are functions of x and y. We have introduced projection operators 

l±ipi 



V± 



obeying 



PiV'i = i^iV± = ±v±, v±iP2 = ^2V^ 

Using (|A.19D we can rewrite ( [A.18|) in the following form 

dA + AA:kA = 0, dA + AA:kA = 



(A.20) 
(A.21) 

(A.22) 



which is precisely equation ( |2.11| ). Therefore the equations of motion for W^C^) are equiv- 
alent to flatness conditions of gauge fields A and A defined by equation ( |A.19|) . 

A. 2. Matter equations 

Let us now linearize the equations of motion ( ]A.7D around the vacuum solution con- 
structed in the last section. In particular, in this paper we are interested in fluctuations of 
the field B around the constant background S*-'^-' = u. The fluctuations of B are denoted 
by C, i.e. 

B = iy + C (A.23) 

For W and we do not consider any fluctuations. Substituting this ansatz (|A.23|) into 
the equations of motion ( |A.7| ) and using the equations ( |A.12 ), we obtain two non-trivial 
equations for C 

dC -w^^Kc + C^W^^^ =0 

(A.24) 







Since Sa^ is given by equation ( [A.13| ) we can satisfy the second line of equation ( [A.24| ) 
by demanding that C does not depend on 5q, nor on k. Therefore C is only a function of 
yQ,,'0i 2 and X. Typically, C is decomposed as 
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(A.25) 



It turns out [^| that C""^ gives rise to an auxiliary set of fields that can be set to zero 
consistently. By abuse of notation, we will use C instead of C^y^ to simplify the notation. 
Moreover we will decompose C under the projection operators V± as given in equation 

C = C{y\x)^2 + C{y\x)ij2 (A.26) 



where C = V+C and C = V-C. If we also express 1^^^) in terms of gauge fields, eq. ( |A.19|) 
we can rewrite the second line of ( [A.24| ) in the form 



dC + Ai.C -C^ A = Q 
dC + Ai<C -Ci<A = Q 



(A.27) 



These are the equations of linearized matter interacting with an arbitrary higher spin 
background. 

Comparing the first and second line of equation ( [A.27|) we see that the equations of 
motion for C and C are related to each other by exchanging A and A. Note that A and A 
can be written in terms of the generalized vielbein e and generalized spin connection w. 



A = uj + e 



A = u — e 



(A.28) 



Under the exchange of A and A the generalized vielbein e is odd. Therefore the sign of 
the generalized vielbein and hence the sign of any metric-like tensor field of odd spin is 
flipped under this operation. 



Appendix B. hs[A], and Moyal vs. lone-star products 

The hs[A] structure constants are 



<'(m,n;A) 



u-2 



2(w-l)! 



(B.l) 



where 



N^\m, n) = h j^^)[s-l + m],_i_fc[s - 1 - m]k[t - 1 + n]k[t - 1 - n]„_i. 

z — n ^ / 



k=0 

(A) = 4F3 



1_ I \ 1 \ 2—u 1 —u 

"2 ^ "^7 2^ I S I t U 



[B.2) 



We make use of the descending Pochhammer symbol. 



[a\n = a{a - l)...(a - n + 1) 



(B.3) 
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g is a normalization constant that can be scaled away by taking ^Kn- -^^ 

much of the existing literature, we choose to set q = 1/4. 

Recall the deformed oscillator commutation relations: 

[y«,y;3]^ = 2zea^(l + z//c) (B.4) 

which in our conventions ei2 = e^^ = 1 is 

[yi,y2]. = 2t{l + iyk) (B.5) 

The beauty of the deformed oscillators is that under the action of the Moyal product^, 
their star commutator gives the oscillator algebra ( p.4| ). 

To compute the Moyal product of two symmetric, even-degree oscillator polynomials, 
one uses ( [B.4| ) to symmetrize the product. To compute the lone-star product of two 
hs[A] generators, one plugs into formula ( ^73|) . The purpose of this section is to provide 
evidence that these two multiplications are isomorphic upon identifying the map between 
the generator and polynomial bases, and using the relation 

1 — uk ,^ . 

A = (B.6) 

where /c^ = 1 is the Clifford element defined in section 2 and in appendix A. To our 
knowledge, this has not been proven in the literature. 

Let us begin with the SL(2) subalgebra spanned by symmetric polynomials 



Sap = Viayp) (B.7) 



These obey commutation relations 



5*22] — 8iSi2 

[^11,^12] =4^5ii (B.8) 

[5*12, ^'22] = 4iS22 

Comparing with the SL(2) subalgebra of hs[A] canonically normalized as 

[V,^Vo^]=V,^ (B.9) 
[Fo',^-i]=^-i 



14 



In what follows, every product of y is implicitly a Moyal product. 
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these are equivalent under the assignment 



7-2 ' ^ \ ^ -.- -,-0 / ^ \ ^ -.- -,-0 / ^ 



V,'={— S^^, Vo'=i— S^2, V^, = I — ] S22 (B.IO) 



Having fixed (|B.10|) we can compare, on the one hand, the Moyal product of two Sap, 
and on the other, the lone-star product between two of the V^, and so on for higher spins. 
The work comes in symmetrizing the oscillator products, through tedious but straightfor- 
ward application of ( [B.4| ). We present results through spin-4: 



ym = 


Si2 + i{i^k + l) 


yivivih = 


5'iii2 + ii^^k + 3)Sii 


mvimm = 


^1122 + 4iSi2 + ^(z^A; + l){uk - 3) 


yiyiyiyiym = 


5'iiiii2 + i{i^k + 5)S'iiii 


yiyiyiyiy2y2 = 


4 

5'iiii22 + 8z5'iii2 + -{lyk + 3){uk - 5)5'ii 


yiyiyiy2y2y2 = 


^111222 + i{i^k + 9)^1122 + lii^k + 3){uk - 15)S 

5 


+ 


2i 

— {uk + 3){uk + l){uk-3) 





fB.lll 



All remaining products can be found by commutation or taking the adjoint, yi ^ y2,'i' ^ 
—i. 

Using these, one can show by explicit computation that, at least through spin-4, any 
Moyal product of oscillator polynomials maps to the lone-star product of hs[A] generators 
upon making the identification 

• N S-1 



C = [^) (B.12) 

where 5"^ is the symmetrized product of 2s — 2 oscillators, with m defined as 

2m = Ni- N2 (B.13) 

The prefactor depends on the hs[A] normalization factor q = 1/4 which we have been using. 
As a first check, ( |B.10| ) along with the fact that 

{Vl,y-' = (B.14) 

implies that this is trivially true for elements with m = ±(s — 1). 
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Let us demonstrate this equivalence for a few examples. Using ( B.ll|) one obtains the 
Moyal products of spin-2 polynomials: 



^11 




= S 


S22 




= s 


Sl2 




= s 


Sl2 


* S22 


= s 


Sii 


* 5'22 


= s 


Sl2 


*^12 


= s 



2222 



1222 + 2iS22 (^-1^) 

2 

1122 + 4z^i2 + -{iyk + l){uk - 3) 
ii22-^{i^k + l){uk-3) 



We now compare this to the lone-star products of spin-2 generators: 



y,2^y2^y^3_ 1^2 



1^0'* ^-1=^-1 + 2^-1 



1-2 (B.16) 



6 



\2 _ 1 
^2 , T/2 -'"^ ^ 
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These are isomorphic under ( p.6| ) and ( p.l2|) 



These are isomorphic under ( p.6| ) and ( p. 12 



(B.17) 



A less trivial example is the product 

5'iii2 ★ 5*22 = ^{yiviyim + yivimyi + yimyivi + 2/22/12/12/1)2/22/2 

2 

= 5'iii222 + 6z5'iii2 + -{i^k + 3){uk - 5)Si2 

o 

Compare to the lone-star product 

y3 ^ v^, = V,' + Iv,' - (^) V,^ (B.18) 



We conjecture that the isomorphism is valid for all spins under the identification 

(EH)- 
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Appendix C. Derivation of (5.14) 

Given 



Lo = ~{xdj: + dj:x) , L_i = , Li = 



and 



s-l 



[2s-2)\ ^ 



s — l — m 



we need to show 



We start from 



W2_ (-l)^[(«-l)!]'(2«-l)!L-2 

VqX — — 



-X 



-tL 



(C.l) 



(C.2) 



(C.3) 



(C.4) 



which follows by thinking of L_i as the Hamiltonian for a free particle. In particular, this 
implies 

e*^-(Li)^-ie-*^- = ^{x + td.f^-^ (C.5) 

Expanding the left hand side in powers of t, the desired term yielding Vq is the term. 
This term preserves the power of x, and so we can write 



Vo'x 



2^-i(2s - 2)! 



(x + d. 



(C.6) 



term 



To extract the x ^ term on the right hand side we write a contour integral and integrate 
by parts, 



[x + 



coefF of 2 



/dzz{z + d) 



2s-2 



1 _ 1 

27rz 



jdz^{z-df'-'^z (C.7) 



Now write (2— 9)^* ^asthet^* ^ term in e**^^ ^) = e * /^e*^e *^ and perform the integral. 
This yields 



[x-Vd^ 



(-1)^-^25-1)!! 



coeff. of 

Plugging this result into (|C.6| ) yields our desired formula (|C.3| ). 



(C.8) 



Appendix D. Low spin results: Cq in AdS 

We present the explicit formulae for the components Cq of the master field in AdS, 
through s = 8, obtained by recursive solution of the VJf ^ equations in AdS: 



d,Cl + 2CI-' + Co^+^^7j'^+'^'(0, 0) = 
38 



fD.ll 



These can be compared to the spin s formula ( [4.42|) . We use the temporary notation 

gfiO,0)^g^ (D.2) 
and the following expressions act on Cq: 

C',={g^g^gT'-{-dl + ^{9'+9')d,) 

Cl = (gVgV)-' ■ {dt - 2(/ + g' + g^)dl + Ag^g^) 

Ct = {g'g'gVg'r' ■ {-d^ + 2(/ + g' + g' + - 4ig^g' + + g'g')d,) 

Cl = (gVgVgV)-' ■ {d^ - 2{g^ + g' + g' + g' + g')dt P-S) 

+ ^{g'ig' + g' + g') + gHg' + g') + gV)dl - Sg'gV) 
= ig'g'g'g'gVg')-' ■ ( - + ^ia' + g' + g' + g' + g' + g')dl 
- ^{g'ig" + g' + g' + g') + g\g' + g' + g') + g'{g' + g') + g'g')dl 
+ 8ig'ig'ig'+g')+gV)+gW))d, 
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